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Abstract 



X 

■ Massless fields of generic Young symmetry type in AdSd space are analyzed. It 

is demonstrated that in contrast to massless fields in Minkowski space whose physical 
degrees of freedom transform in irreps of o{d — 2) algebra, AdS massless mixed symmetry 
fields reduce to a number of irreps of o{d — 2) algebra. From the field theory perspective 
this means that not every massless field in fiat space admits a deformation to AdS^ with 
the same number of degrees of freedom, because it is impossible to keep all of the flat 
space gauge symmetries unbroken in the AdS space. An equivalent statement is that, 
generic irreducible AdS massless fields reduce to certain reducible sets of massless fields 
in the fiat limit. A conjecture on the general pattern of the flat space limit of a general 
AdSd massless field is made. The example of the three-cell "hook" Young diagram is 
discussed in detail. In particular, it is shown that only a combination of the three-cell 
flat-space field with a graviton-like field admits a smooth deformation to AdSd- 
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1 Introduction 



The aim of this paper is to demonstrate some pecuharities of generic free massless fields in 
anti-de Sitter (AdS) space of an arbitrary space-time dimension d. The main conclusion 
will be that, in general, an irreducible AdSd massless field does not classify according to 
irreducible representations of the flat space massless little algebra o{d — 2), but reduces 
to a certain set of irreducible flat space massless fields. The pattern of necessary fiat- 
space massless fields will be given. Another (rather unexpected) manifestation of this 
fact is that not every massless field in fiat space admits a deformation to AdSd with the 
same number of degrees of freedom, since it is impossible to keep all the fiat space gauge 
symmetries unbroken in the AdS^ space. This phenomenon does not take place, though, 
for all those types of massless fields that appear in the usual low-energy massless sectors of 
the superstring models and supergravities, because it holds only for the representations 
of the space-time symmetries described by non-rectangular Young diagrams. For the 
same reason it cannot be observed in ^4^5*4 higher spin gauge theories § (all massless 
fields in AdS^ are described by one-row Young diagrams). The effect discussed in this 
paper takes place for d> 6. 

In superstring theory all types of representations appear at the higher massive levels. 
The study of higher spin gauge theory has two main motivations (see e.g. [@, 0]): Firstly 
to overcome the well-known barrier of < 8 in c? = 4 supergravity models and, secondly, 
to investigate if there is a most symmetric phase of superstring theory that leads to the 
usual string theory as a result of a certain spontaneous breakdown of higher spin gauge 
symmetries. These two motivations lead in fact into the same direction because, as 
shown for the d = 4 case 0, ^ higher spin gauge theories require infinite collections 
of higher spin gauge fields with infinitely increasing spins. Another important feature 
discovered in is that gauge invariant higher spin interactions require the cosmological 
constant of the background AdS space to be non-zero to compensate the extra length 
dimensions carried by the higher derivative interactions required by the higher spin gauge 
symmetries. (In this perspective A plays the role analogous to a' in superstring theory). 
The fact that higher spin theories require an AdS background was regarded as rather 
surprising until it was realized that it plays a distinguished role in the superstring theory 
as well 0. 

To investigate a possible relationship between the superstring theory and higher spin 
theories one has to build the higher spin gauge theory in higher dimensions, d > 4 (e.g. 
d = 10, 11, ...). A conjecture on the possible form of the higher spin symmetries and 
equations of motion for higher spin spin gauge fields was made in p|, |^ as a certain 
generalization of the d = 4 results |10, 11| which were proved to describe interactions of 
all d = 4 massless fields. 

A generalization like this to higher dimensions is not straightforward because of 
the use of certain auxiliary twistor type variables. As a starting point, it is therefore 
important to analyze more carefully the notion of a general massless field in AdSd- This 
is the main goal of this paper. 

Another motivation comes from the flat space analysis of certain massless (nonsuper- 
symmetric) triplets in (i = 11 in ll^,[|l3, the dimension of M-theory, where it was shown 
that there exists an infinite collection of triplets of higher spin fields having equal num- 
bers of bosonic and fermionic degrees of freedom. These triplets show some remarkable 
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properties. For the first four Dynkin indices tlie bosonic and tlie fermionic numbers 
matcli up. Tliis pfienomenon is rattier special for 11 dimensions and follows from the 
fact that the little group SO{9) is an equal-rank subgroup of F4, bringing in exceptional 
groups into the picture. If these triplets have anything to do with higher spin gauge field 
theories and/or M-theory it is an interesting question whether it is possible to extend 
the analysis of |jl3[ to the AdS case. That question in fact triggered this investigation. 

2 Massless Unitary Representations in AdSd 

AdSd is a d-dimensional space-time with signature {d — 1,1) and the group of motions 
SO{d —1,2). It is most useful to identify AdSd with the universal covering space of the 
appropriate hyperboloid embedded into Minkowski space-time with signature 
{d — 1,2). Physically meaningful relativistic fields in AdSd are classified according to the 
lowest weight unitary representations of o{d — 1,2). Unitarity implies compatibility with 
quantum mechanics, while lowest weight of a unitary representation guarantees that the 
energy is bounded from below. 

2.1 General Facts 

The commutation relations of o{d —1,2) are 

where rjji^ = (— , +,...+,—) is the flat metric in the {d — 1, 2) space, rh, h,k,l = d. 
The generators Mmn are Hermitian. Let us choose the following basis in the algebra: 

t^ = ^(Mo'^±zM/), (2) 

E = Mod, L""^ = -iM"^ , (3) 
where a^h = 1 ^ d — 1. The commutation relations @) take the form 

[E, tl] = ±tl , (4) 
[t'^^,tX] = ^iE6'^'-L^'), (5) 

[Lab, t±c\ = Sbct±a — 5act±b i (6) 
[Labi Lee] = SbcLae — SacLhe — ^beLac + ^aeLbc (7) 

with all other commutators vanishing. The hermiticity conditions are 

E^ = E, (tl)^ = t\ , {L^y = -L"^ . (8) 

The generators E and L"^ can be identified with the energy and angular momenta, 
respectively, and span the Lie algebra o(2) © o{d — 1) of the maximal compact subgroup 
of the AdS group S0{2,d—1). The non-compact generators are combinations of AdS 
translations and Lorentz boosts. The commutation relations are explicitly Z-graded with 
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having grade ±1. E is the grading operator. The lowest weight unitary representations 
are now constructed in the standard fashion (for a review of the AdS^ case see e.g. 



and |T^) starting with the vacuum space I-BojS) that is annihilated by t"i 

r|^o,s) = (9) 

and forms a unitary representation of the compact subalgebra o(2) ©o((i — 1) that means 
in particular that 

E\E^,s) = Eq\Eq,s). (10) 

Here s denotes the type of representation of o{d — 1) carried by the vacuum space: 
s = (si, . . . Sy) with u = [^^]. s is a generalized spin characterizing the representation. 
In terms of Young tableaux is the number of cells in the i-th row of the Young tableaux. 
Since we are talking about representations of orthogonal algebras, the corresponding 
tensors are traceless. We will here not discuss the self-dual representations that can 
be singled out with the aid of the Levi-Civita symbolQ. Note that s describes a finite- 
dimensional representation of o{d — 1). Field-theoretically this corresponds to a finite- 
component field carrying a finite spin. 

The full representation of the Lie algebra o{d — 1,2), denoted in D{Eq,s), is 
spanned by the vectors of the form 

tl^ ...tl^\Eo,s) (11) 

for all k. The states with fixed k are called level-A; states. Note that states with pairwise 
different k are orthogonal as a consequence of (p. As a result, the analysis of unitarity 
can be reformulated as the check of the positivity of the norms of the finite-dimensional 
subspaces at every level. For sufficiently large generic Eq it is intuitively clear that the 
representation D{Eo,s) is irreducible and unitary, i.e. all norms are strictly positive. 
Such representations are identified with massive representations of AdSd- 

Let us emphasize that the elements of the module ( pT]) can be identified with the 
modes of a one-particle state in the corresponding free quantum field theory. The ele- 
ments of the AdSd algebra o{d— 1, 2) are then realized as bilinears in the quantum fields. 
Note that at the level of equations of motion the light-cone field-theoretical realization of 
generic AdSd massive representations for arbitrary Eq and s has been developed recently 
in 
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We see that massive states are classified by the parameter Eq (which is the analog of 
mass) and a representation of o{d — 1). This picture is in agreement with the standard 
description of massive relativistic fields in fiat space-time in terms of the Wigner little 
group SO{d — 1). 

If Eo gets sufficiently small, the norm cannot stay positive as is most obvious from 
the following consequence of (H) 

[t^a,tl] = ^E, (12) 

which implies that for negative Eq some level 1 states cannot have positive norm for a 
positive-definite vacuum subspace. There is therefore a boundary of the unitarity region 

""^The self-dual and antiself-dual representations which appear for odd d are usually distinguished by 
a sign of the s d-i . 
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£"0 = Eq{s) > such that some states acquire negative norm for Eq < Eq{s). Obviously, 
these states should have zero norm for Eq = Eo{s). 

Starting from the inside of the unitarity region decreasing Eq for some fixed s one 
approaches the boundary of the unitarity region, Eq = Eq{s). Some zero- norm vectors 
then appear for Eq = Eq{s). These necessarily should have vanishing scalar product to 
any other state. (Otherwise, one can build a negative norm state that is in contradiction 
with the assumption that we are at the boundary of the unitarity region). Therefore, the 
zero-norm states form an invariant subspace called a singular submodule. By factoring 
out this subspace one is left with a unitary representation which is "shorter" than the 
generic massive representation. 

The resulting "shortened" unitary representations correspond either to massless fields 
1^ or to singletons |T^ and doubletons |^,[^ identified with the conformal fields at 



the boundary of the AdS space [|19| . The fact that a singular submodule can be factored 
out admits an interpretation as some sort of a gauge symmetry (true gauge symmetry 
for the case of massless fields, or independence of bulk degrees of freedom for singletons 
and doubletons). For this reason we choose this definition of masslessness for all fields 
in AdSd except for the scalar and spinor massless matter fields which are not associated 
with any gauge symmetry principle and singletons^. 

The analysis of positive definiteness of the scalar product of level- 1 states was done 



in p2| for an arbitrary even d and an arbitrary type of representation of s carried by the 
vacuum state. The final result is 

Eo > Eo{s) , (13) 
EQ{s) = si + d-h-2, (14) 
where ti is the number of rows of the maximal length si, i.e. 

Si = ... = St^-i = > St^+i > > ...> S„. 

It can be shown that the same result is true for odd d (provided that is replaced by 
|s,^|). Note that this bound for d = 4 was originally found in [|l^. For the case d = 5 see 
[P^ and references therein. 

Massless representations are "shorter" than massive ones classified according to the 
parameter Eq (equivalent of mass) and a representation of o{d—l). In flat space, massless 
fields are classified according to the representation of the massless little group S0{d — 2). 
The question we address here is whether or not the shortening in AdSd can be interpreted 
in terms of irreducible representations of SO{d — 2). We will show that the answer is 
no for a generic representation. This will be demonstrated both at the algebraic level 
using the language of singular vectors and at the field-theoretical level focusing on the 
simplest nontrivial massless field with s = (2, 1, 0, . . . , 0). The most important field- 
theoretical conclusion is that a generic irreducible massless field in AdSd decomposes 
into a collection of massless fields in the flat limit. In that sense, a massless field in 
the AdSd is generically "less massless" than elementary massless field in flat space. An 



^Singleton- type fields live at the boundary of AdS^ and cannot be interpreted as bulk massless 
fields. Presumably, all singletons except for scalar and spinor correspond to maximally antisymmetrized 
representations of the AdSd algebra equivalent to their duals. In particular, this is true for the second 
rank antisymmetric tensor representation in the AdSs case that can be identified with the field strength 
of the Yang-Mills fields of the iV = 4 SYM at the boundary of AdSs. 
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important consequence of this fact is that not every massless field in fiat space can be 
deformed into AdS geometry. 

2.2 Singular Vectors 

It is useful to reformulate the problem in terms of singular vectors. Since the energy E 
is bounded from below for the whole representation, the singular submodule spanned by 
zero-norm states is itself a lowest weight representation. Therefore it contains at least 
one nontrivial subspace \Eq,s') that has the properties analogous to and (pil|), 

tl\E'„s') = (15) 

and 

E\E',,s') = E',\E'„s'), (16) 
i.e. it forms some irreducible representation s' of o{d — 1). Obviously, 

E', = Eo + k (17) 

if \E'q,s') belongs to the level-fc subspace. 

Such spaces |£'q,s') we will call singular vacuum spaces while any of their elements 
will be called a singular vector]^. Clearly, singular vacuum spaces form representations 
of the algebra o(2) © o{d — 1) and therefore decompose into a direct sum of irreducible 
representations of o{d — 1) on different levels. The standard situation is with a single 
irreducible singular vacuum space. The singular module as a whole then has the structure 

tl'...tl^\E',,s'). (18) 

The factorization to a unitary irreducible representation is equivalent to identifying all 
these vectors to zero. 

Let us now consider the example of a vacuum state \Eo, s) with s = (si, S2, 0, . . . , 0) 
corresponding to a two-row Young diagram. 



' ' ' '^J ' ' ' (19) 

with < S2 < Si. 

This means that \Eo,s) can be realized as a tensor t'ai...as2,fei...t'si (-^o) which is sym- 
metric both in the indices a and in the indices b, satisfying the antisymmetry property 

^aa. ..a,2 {6,^+1 ,6i...6,j(-Eo) = 0, (20) 

■^This terminology is very closely although not exactly coinciding with that used for the Verma 
module construction when irreducible vacuum subspaces are one-dimensional because the grade zero 
subalgebra, namely the Cartan subalgebra, is Abelian. 
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which imphes that symmetrization over any Si + 1 indices a and/or h gives zero. The 
tensor is traceless, which means that contraction of any two indices with the o{d — 1) 
invariant flat metric rjah gives zero. Taking (^) into account it is enough to require 

rf"''Va,...a.^,,,...,^^{E,) = Q. (21) 

The level one states are 

t>a,...a.„6,...s(^0). (22) 

These states form a reducible representation of o{d — l) (the tensor product of the vector 
representation with the representation ([T9|)). For generic S2 and Si it contains flve 
irreducible components: two Young diagrams with one cell less (index c is contracted to 
either one of the indices a or one of the indices h) and three diagrams with one cell more: 
adding one cell to the flrst, second or an (additional) third row. Our problem therefore 
is to check whether any of these irreducible representations can be a singular vacuum 
space, i.e. 

tin,(t>ai...a.„6....6.,(i5o))=0 (23) 



for some Eq {11^ is a projector to one or another irreducible component in (^2]) ). Let us 
consider the two representations with cells cut. The appropriate projections are given 
by the following formulae describing irreducible o{d — 1) tensors 

'^ai...a,2,t'i...fesi-i = tX{Va^...as2,bi-bsi-ic{.EQ) + _ J . I^cai ...a^2_i,6i ...b^^-ia.j (-E'o) } (24) 

(symmetrizations within each of the groups of indices a and h are assumed) and 



V. 
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ai...as2-\,bi---ba-^ 



tlVca,...as,.^M-bs,{Eo) . (25) 



Elementary computations give that 

t-cVl,...a,2M-bs,-i = ^(^0 -{d+Si- 3)){va,...a,^,b,-bs,-AEo) 

+ , , ^^ai...a,2_ic,fei...fe,j_ia,2(^o)) (26) 

■5l ~ 52 + i ^ 

and 

i-c<...a.,_i,fci...fe., =\{Eo-{d+S,- A))Va,...a,^_^cM-bs, (^o) • (27) 

As a result, singular vectors appear at 

El=d + si-3 (28) 

and 

E^ = d + S2-4:. (29) 
A few comments are now in order. 

The cases Si = S2 and Si > S2 are different because = for si = S2 as a consequence 
of the antisymmetry property (pOl). For Si > S2 both and v"^ are nontrivial. 

As expected, the values of the "singular" energies ( pSj ) and (|2^) are in agreement with 



the general analysis of |22], where it was also shown that only the representation resulting 
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from the factorization of the singular submodule with the highest energy of a singular 
vector is unitary (this fact is natural from the singular vector description: unitarity can 
be preserved only when the boundary of the unitarity region is approached; this implies 
the highest Eq). We therefore conclude that unitary massless particles appear for 

Eq = d + si — 3 for si > S2 (30) 

and 

Eq = d + si — 4 for si = S2 . (31) 

The analysis in terms of singular vectors is simple enough but can be simplified 
further with the aid of the technique proposed in with the tensors corresponding 
to various Young diagrams realized as certain subspaces of an appropriate Fock space. 



This technique is explained in section since we will use it in the field-theoretical part 
of the paper. We here use the tensor language to make most clear the interpretation in 
terms of the representations of the massless little algebra o{d— 2). One can analogously 
investigate singular spaces with the boxes added to make sure that they have negative 
energies and therefore do not play a role in our analysis. 

We expect that the analysis of higher levels does not affect our conclusions. One 
reason is that the appearance of singular vectors at higher levels within the unitarity 
region would imply existence of higher spin gauge fields with gauge transformations 
having more than one derivative acting on a gauge parameter. The general analysis of 
massless fields in fiat space-time of an arbitrary dimension shows that this does not 
take place. 



3 Flat Space Pattern of AdS Massless fields 

Let Aai...as-^,6i...fes2v be an irreducible tensor of o{d — 1) (a, 6 . . . = 1 d — 1) of a specific 
symmetry type. Let be a nonzero vector of o{d—l). o{d—2) can then be identified with 
the stability subalgebra of o{d— 1) that leaves n"- invariant. If the tensor Aai...asi,f<i...fes2v 
is orthogonal to n° with respect to all possible contractions of indices 

n'^Ma,...a.„6,...fe.2,... = 0, n''^Aa,...a,^,b,...b.^,... = 0... (32) 

then it describes a representation of o{d — 2) of the same symmetry pattern. If some 
contractions with are nonzero, one can decompose the o{d — 1) tensor Aai...as-^,6i...fes2v 
into irreducible representations of o{d — 2) with the aid of the projection operators 
constructed from or, in other words, performing dimensional reduction. For example, 
for a vector, 

A- = A^\- + A^\ A^« = A'^-!^A\ A^W^a^A". (33) 



The analysis of singular vectors in section admits a similar interpretation. Indeed, 



let us interpret as a vector n'^ analogous to the momentum operator in fiat-space field 
theory (note that the operators t^. commute with themselves). The fact that a singular 
vector appears means that some contractions of t^. with the vacuum vector decouple 
from the spectrum and therefore are equivalent to zero. If all possible contractions of t". 
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would decouple this would mean that the o{d — 1) vacuum representation would reduce 
to the o{d — 2) of the same symmetry. Since the energies (|28|) and (|29|) are different this 
cannot be true simultaneously. Therefore, when a singular vector is present, the "reduced 
representation" is effectively smaller than an irreducible representation of o{d — 1) but 
may be larger than the corresponding irreducible representation of o{d — 2), containing 
a number of irreducible representations of o{d — 2). 

Let us note that the energy in AdSd is measured in units of the inverse AdS radius A 
that was set equal to unity in our analysis. Reintroducing A and taking the flat limit A 
0, all energies of singular vectors tend to zero. This means that in the flat limit different 
singular vectors may decouple simultaneously and therefore a natural possibility consists 
of the fiat space reduction to one (totally orthogonal) representation of o{d — 2), in 
agreement with the standard analysis |2^ of massless representations of the Poincare' 
algebra. However such massless representations of the Poincare' algebra may not admit 
a deformation to a representation of the AdS algebra with A 7^ 0. At the field-theoretical 
level this means that it will not be possible to preserve all necessary gauge symmetries for 
A 7^ 0. This phenomenon is demonstrated in the field theoretical example in section |4.2| . 
The deformation will be possible however, if one starts with an appropriate collection 
of massless fields in fiat space dictated by the "incomplete" dimensional reduction via 
decoupling of singular vectors. The main aim of this section is to formulate a conjecture 
on the pattern of massless fields in fiat space compatible with the deformation to AdSd- 

Let us consider an arbitrary Young diagram with row lengths Si > S2 > S3 . . .. For 
our analysis it is more convenient to build Young diagrams not from rows as elementary 
entities but from rectangular blocks of an arbitrary height t and length s 



(34) 



In other words, a block is a Young diagram composed of t rows of equal length s (equiv- 
alently, from s columns of equal height t) . A general Young diagram is a combination of 
blocks with decreasing lengths (equivalently, heights) 
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In these terms, a Young diagram is described by a set of pairs of positive 

integers {si,ti) with si > S2 > ss > . . . Sp > and arbitrary ti such that 

i:ti<kd-l). (36) 
i=l ^ 

In other words, S\ is the maximal row length in the Young diagram, while t\ is the 
number of rows of the length Si. S2 is the maximal row length of the remaining rows 
and t2 is the number of rows of length S2- Note that an elementary block y[(s,t)] is 
described in these terms by a single pair of integers (s, t). 

Let us now address the question what is the result of a dimensional reduction to 
one dimension less of a general diagram y[(sj,ti)]. Every cell can be identified with 
some vector index. It can cither be aligned along n"" or along the d — 2 perpendicular 
directions. In the first case we cancel a cell, while in the second case we keep it. There 
cannot be more than si indices along rf" because symmetrization with respect to more 
than s indices gives identically zero by the definition of a Young diagram. But any 
number of indices from to s\ can be chosen to take the extra value d —\. Therefore 
any number of cells from to S\ can be canceled. Of course only such cancelings are 
allowed that result in a Young diagram. (If not, any resulting tensor is identically zero.) 

Let us consider some examples. 

First consider a representation (e.g. tensor T) described by the Young diagram 
y [(s, i)] which is itself an elementary block. Since components of tensors along Ua 
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are automatically symmetrized because the tensor N^-f^^-'-^-k = n°"^n°''^ . . . n"*^ is totally 
symmetric, we can use the symmetry properties of the Young diagrams to reduce any 
contraction with N^i^^-^^k of the original tensor to a contraction of 7V"i"2 - «fc with the 
bottom row of the block. As a result, dimensional reduction will lead to a number of 
tensors resulting from cutting an arbitrary number of cells in the bottom row of the 
block; every tensor appears once (note that the condition that the tensor is tracclcss 
does not affect this analysis since the reduced o{d — 2) tensors are also assumed to be 
traceless) . 
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tl-l 



(37) 

In other words, the dimensional reduction of the block Y[(s, t)] gives rise to the following 
representations of o{d — 2): y[(s,i(:)] (all indices are orthogonal to n"), Y[{s,t — 1)] (a 
maximal possible number s of indices is contracted) and all diagrams Y[{s, t — 1); (si, 1)] 
which consist of two blocks with the bottom block having an arbitrary length < Si < s 
and height 1. 

Now, consider a representation T described by a Young diagram y[(si, ti); (s2, ^2)] 
composed from two blocks. 
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(38) 



Again, dimensional reduction means that one can cut some cells from the bottom rows 
of the upper and lower blocks (all cuts inside a block are equivalent by the properties of 
the Young diagrams to cutting its bottom line). But now, one cannot cut an arbitrary 
number of boxes in the top block because the cut line cannot be shorter than the length 
of the second block S2. (Such tensors vanish identically.) One can, however, take away 
an arbitrary number of cells from the bottom line of the second box. The rule therefore 
is: take away an arbitrary number ni such that si — S2 > rii > from the bottom line 
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of the top block and take away an arbitrary number 77-2 such that S2 > 'n-2 > of cells 
from the bottom line of the bottom block 
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(39) 



Note that with this prescription we have ni + 77,2 < si in accordance with the general 
argument that one cannot cut a number of cells exceeding the maximal row length in 
the Young diagram. The pattern of the dimensionally reduced representation therefore 
consists of four-block diagrams Y[{si,ti — 1); (s'^, 1); (^2,^2 — 1); (■§2, 1)] with arbitrary 
integers s\ and s'2 such that 

Sl > s'l > S2 > 4 > (40) 

and their degenerate versions described by the three-block diagrams 

r [(si, ti - 1); (S2, ^2); (4, 1)], ^[(^1,^1); (^2, t2 - 1); (4, 1)], y[{siM - 1); (s'l, 1); (S2, t2)], 

F[(si, ti - 1); (s'l, 1); (^2, - 1)] and two-block diagrams ^ [(si, ti); (s2, ^2)], 

r[(Si,ti - 1); (S2,t2)], y\{SxM. (S2,t2 - 1)], y\{SxM - 1); (S2,t2 + !)]• 

Analogously one proceeds for Young diagrams built from a larger number of blocks. 
The final result is that the dimensional reduction of a general Young diagram to one 
dimension less consists of the Young diagrams of the form (every diagram appears once; 



see e.g. ||2^ and references therein): 
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tp-l — 1 



tp-l 



rir, 



(41) 



One is allowed to take away any numbers rii of cells from the i^^ block provided that 



< rii < Si - Si+i 



(42) 



(with the convention that Sj corresponding to the "next to last" block equals zero). 

Let us now formulate the final result concerning a pattern of flat space massless fields 
that admit a unitary deformation to AdSd- 

Conjecture. Consider a AdSd massless field characterized by a diagram j^Sdj). Take 
away any number of cells Ui satisfying the conditions of the bottom lines of all blocks 
except for the top one, i.e. require ni = 0. Any diagram that appears as a result describes 
some irreducible representation of the massless little algebra o{d — 2) corresponding to 
some flat space massless field that should be present in the full set compatible with the 
AdSd geometry and unitarity. 

Note that massless fields corresponding to arbitrary irreducible representations of flat 



space massless little algebra o{d — 2) were considered in |2^ . 
A few comments are now in order. 

The role of the upper block is singled out by the unitarity condition: only singular 
vectors corresponding to contractions of to the upper block have maximal energies 
and describe unitary representations p2[. Therefore canceling out a box from the upper 
block corresponds to pure gauge (i.e. singular vector) components that decouple. Non- 
unitary (i.e. ghost containing) sets of fields can be obtained by a similar procedure with 
one of the lower blocks remaining untouched instead of the top one as in the unitary 
case. 
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For Young diagrams being themselves elementary blocks (i.e. = for i > 0) only 
one o{d — 2) representation appears, described by the same block. This means that 
elementary block massless fields in AdSd classify according to irreducible representations 
of o((i — 2) as in the fiat case (i.e. no additional massless fields should be added to deform 
to AdSd). In fact all examples of massless fields that appear in supergravity and low 
energy string theory are described by elementary blocks (specifically, either by single 
rows, or by single columns). That is why the phenomenon discussed in this paper was 
not observed before. Note also that for the well studied case of lower dimensions d < 4, 
only block-type massless representations are nontrivial (propagating) and therefore this 
phenomenon does not occur either. 

The spectrum of fiat-space massless fields to which an elementary AdS massless 
field decomposes is non degenerate, i.e. all the representations of o{d — 2) are pairwise 
different. 

Some standard massless (gauge) fields may be needed as ingredients of AdS massless 
fields with nontrivial diagrams. For example, for the representation F [(2, 1), (1, 1)] a 
graviton-type fiat space massless field Y[{2, 1)] will be present (see example in section 
|4.2| ). It is tempting to speculate that this may correspond to a nontrivial deformation 
of gravity to the AdS geometry in the presence of other fields. Analogously one can find 
a totally symmetric spin Si > 2 field corresponding to the diagram l^[(si, 1)] among the 
fields resulting from the decomposition of the AdSd field l^[(si, 1); (s2, 1)], < S2 < si. 
This is to say that AdSd massless field corresponding to y[(si, 1); (s2, 1)] decomposes 
into the following irreps of o{d — 2) algebra 

y[(si, 1); {S2, l)]Ads ^ Y[{si, 1)] © ®Y[{s^, 1); {s, 1)], (43) 

s=l 

where each term under summation appears just once. 

An important consequence of the analysis of this section is that totally antisymmetric 
gauge tensors (i.e. differential forms) corresponding to the diagrams Y[(l,t)] can never 
appear as a result of a decomposition of a certain irreducible (unitary) AdSd massless 
field in the fiat limit. The space of differential forms (including the spin one gauge fields) 
therefore is closed with respect to the deformation to AdSd- 

4 Field Theoretical Example 

Now let us explain what happens from the field-theoretic perspective. In fact, it has 
been observed already in at the level of equations of motion in the Lorentz gauge 
that some of the redundant gauge symmetries expected in the fiat-space description are 
absent in the AdS case. Here we analyze the problem at the Lagrangian level focusing 
on the explicit comparison with the fiat-space limit. 

4.1 Flat Space 

Let us consider the simplest nontrivial example of a massless field having the symmetry 
properties of a non-block diagram with three cells Y[{2, 1); (1, 1)] 
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(44) 



In flat space the massless field of this symmetry type was described in ||2^ . To begin 
with, let us reformulate the results of these authors in a somewhat different, although 
equivalent way. We take the representation with the field $mim2,n being a symmetric 
tensor in mi and m2, satisfying the condition that full symmetrization with respect to 
all three indices gives zero 

^{mim2,m3} • (^^) 



(The authors of used an equivalent representation with explicit antisymmetry in two 



indices). The Lagrangian can be chosen to be of the form 

^ Q 

mi,n'— '^m2 4 m,n'^mii^m2^ 4 '^mi'^m2^ m,n 

4^ r?ii,nii^ '^n2^m2 • 1^^/ 

The corresponding action is invariant under the gauge transformations 

= ^(a"^Ar,?n" + 5'"^Ar;„") - a- A™ (48) 
with antisymmetric gauge parameter AJJ^"(x) and symmetric gauge parameter A^^(x), 

Ar(x) = -Ar(x) , A- (x) = A- (x) . (49) 



In 1^ it was proved that the Lagrangian (^) describes a physical massless field in 
fiat space corresponding to the irreducible representation Y[{2, 1); (1, 1)] of the massless 
little algebra o{d — 2). Because this Lagrangian is fixed by the gauge transformations one 
can say that it is the gauge invariance with respect to the both gauge transformations 
( ^71) and (|48| ) that ensures irreducibility of the massless field. 

Let us now introduce a notation that simplifies computation. In curved space-time 
it is convenient to use fiberwise fields 

^mim2m3 ^ ^^rm ^^ja^ ^^m^ ^rn^rn^rn^ ^ j^gQ^ 

where 6^"* is the vielbein of an appropriate space-time (e.g., Minkowski or AdS) 

It is most convenient to formulate the action in terms of the following Fock-type 



generating function [g4 



1$) = i=$^,^„„ar«ra^|0) , (51) 



4 



Tangent space (fiber) indices to, n and target space (base) indices to, n take the values 0, 1, . . . d—1. 
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iVii 


m 


= 2|$) 


N22 


1$) 


= l<^>), 




1$) 


= 0, 



where a™ and are auxiliary creation and annihilation operators 

[«A , «b] = V'^^'Sab , K, «S] = , a^] = 0, (52) 

and |0) is a Fock vacuum 

a^|0) = 0. (53) 

The indices A, B,C, E = 1,2 label two sets of oscillators. 

The fact that we deal with the Young diagram (|4^) is equivalent to imposing the 
following constraints on the generating function |$) 

(54) 
(55) 
(56) 

where we use the notation 

Nab = Q^OtBm , PaB = ^A'^Bm , PaB = ttA^Bm • (57) 

The constraints (0) and ( |55D tell us that the oscillators a™ and a™ occur twice and 
once, respectively, on the right hand side of eq.(^T]). The constraint ( |5^ ) is equivalent to 
the condition (^). 

The Lorentz covariant derivative for the representation |$) takes the form 

D^ = drn + luJrr.mnM"'^ , M™" = ^ {a^a^} - a^a^) , (58) 

^ A=l,2 

where cUm'"" is the Lorentz connection of space, while M"^" forms a representation of the 
Lorentz algebra so{d — 1,1). In the sequel we will often use the notation 

DA = aA"'D^, Da = cxa"'D^, D^ = e^^D^. (59) 
The flat-space Lagrangian (^61) now takes the form 



L = ^(<l>|n - DiDi - D2D2 - ^PnaPn + ^(Ai^? + + ^1^2^2^11)1$) , (60) 

where Da, Db and □ = D"^Dm are defined via (0) and ( |59D with the flat space vielbein 
and Lorentz connection 

The Lagrangian (|60|) is invariant under two gauge symmetries generated by the antisym- 
metric gauge parameter A^^*^ and the symmetric gauge parameter which can be 
conveniently described as Fock vectors 

Now the gauge transformations (|47|), (|48|) take the form 

5asm = D,\Aas) , (61) 
Ssy^l^) = (^I^lA^21 - D2)\Asym) • (62) 
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4.2 Gauge Symmetries in AdS^ 

Let us now analyze the situation in the AdS case. The Lorentz covariant derivatives (|58D 
are no longer commuting but satisfy the commutation relationships 

[Drn, D„] = -X^Mrnn , (63) 

DrnOinA - DnO-mA = DrnO-nA " DnO-rnA = (64) 

with the convention 

anA = e.j^OlnA , "nA = ^r^OlnA ■ (65) 



The condition (|6^) is just the standard zero torsion condition 

D^e/ - Dr^ern"" = (66) 
while (^) is the equation of the AdS space. The covariant D'Alembertian is 

p2 = Z)^ + ^^--D„, (67) 

where the second term accounts for being rotated as a tangent vector. With these 
conventions the covariant derivatives Da and Db satisfy a number of useful relationships 
summarized in the Appendix. 

As in the flat case we will analyze gauge symmetries with totally symmetric and 
totally antisymmetric gauge parameters A™^ and A™". It is sometimes convenient to 
combine them into a gauge parameter Am,n having no definite symmetry properties 

|A)=A„,„a;"«2|0). 
The symmetric and antisymmetric parts can be singled out as 

|A,,^) = \S) = Nu\A) , (68) 

I A,,) = {l-^NuN2i)\A). (69) 

The gauge transformation which respects the constraints (|5^ ) -([56| ) is 

6a\<!>) = Di\A) - D2\Asyn.) . (70) 

It can equivalently be written as a combination of the gauge transformations with sym- 
metric and antisymmetric gauge parameters 

Sa\<^) = 6as\<l>) + Ssym\<l>) (71) 



with the gauge transformations of the form (|6lD and (|62D but now with the derivatives 
Di and D2 as in AdSd- 

Next we analyze whether there exists a Lagrangian that generalizes (^) (equivalently, 
(|5DD) to AdSd- The most general deformation of ( pDj ) to the AdS case without higher 
derivatives is of the form 

+ ^{PuDj + DlPn + PnD2D2Pn)m , (72) 
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where / and g are arbitrary parameters. A straightforward but rather tedious compu- 
tation with the use of the identities collected in the Appendix leads to the following 
result 



53"" = -A' 



/ e[(<l>|(/ + 3)D, + ^(rf - 5 - g)PuD^\A) 



+ m6-3d-f)D2 + 3{d-3)P2iD^ + ^{l-d-g)P,,D,Pu)\S)]. (73) 

From this expression it is clear that the freedom in the parameters / and g is not enough 
to warrant an action invariant under both types of symmetries. The best one can do is to 
find a Lagrangian invariant either with respect to the gauge symmetry with the parameter 
\Aas) or the one with \ Asym)- Note that at the level of equations of motion in the Lorentz 



gauge an analogous phenomenon was observed for redundant gauge symmetries in P2|. 
Since, according to the general analysis of unitary representations of AdS^ in |^^, the 
case with gauge invariance with respect to \Asym) does not lead to unitary dynamics, we 
focus on the Lagrangian possessing the \Aas) invariance. From (j7^) it is obvious that 
this is achieved by setting 

/ = -3, g = d-5, (74) 

since the antisymmetric part of the gauge parameter enters only via the first term. Thus, 
we set 



L** = l{<!>\V^ + 3X^-DiDi-D2D2 + ^Pii{-V' + X\d-5))Pu 

+ ^{PnDl + DlPn + PuD^D^Pnm- (75) 



Because one of the gauge symmetries is lost, the Lagrangian (75) describes more 
degrees of freedom than the original flat-space Lagrangian we started with. This is in 
agreement with the general conclusion of Sect.|^ that physical d.o.f. of massless AdS fields 
may not be described by an irreducible representation of o{d — 2). The conjecture of 
Sect.H suggests that the fiat space and the AdS dynamics can match only once one starts 
with specific (reducible) collections of fields in fiat space. From the general analysis of 
Sect.^it follows that, in order to make the AdS deformation consistent for the case under 
consideration, one has to add a massless spin two field analogous to a graviton field. 

Let us therefore introduce the field x*"" symmetric in indices m, n, described by the 
Fock vector 

\X) ^ Xmnar«i |0) . 

Since this field should describe a massless spin 2 field in the fiat limit, it has its own 
gauge symmetry with the gauge parameter 

|e)=en^<|0). (76) 

The idea is that starting from the sum of the free Lagrangians L** + L^^ one should 
add cross terms L*^ which (i) reestabhsh aU (appropriately deformed by A-dependent 
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terms) gauge symmetries with the parameters |A) and \^) and (ii) tend to zero in the 
flat hmit. It turns out that this is indeed possible. The final result is that the action 

S= f e[L** + L*'^ + L«] , (77) 

JAdS^ 



where 



L""" = ^(d-3)A($|-2D2 + 2Pi2A + Piil^2Pii|x), (78) 
I^^^ = ^{d-3){x\V' + dX'-D,D,-^PuiV' + X')Pii 

+ ^{PuDl + DjPu)\x) (79) 

is invariant under the gauge transformations of the form 

= D,\A) - D2\S) + A(Pi2 - PiiiV2i)|e) , (80) 
5\X) = D,\0 + X\S) . (81) 

Note that the Lagrangian L*^ is proportional to A and tends to zero in the fiat 
limit. Therefore, as expected, the action reduces in the fiat limit to the sum of two 
actions for the irreducible fields. In the AdS case, however, the cross term L*^ becomes 
nontrivial so that the system does not decompose into a sum of elementary subsystems. 
Another comment is that according to (^TJ) the field |x) becomes a Stueckelberg field 
that can be gauged away for A 7^ 0. The resulting gauge fixed action is nothing but the 
action (^) invariant under the gauge symmetry with antisymmetric gauge parameter. 
Therefore it describes properly the irreducible AdS representation. The gauge fixing 
\x) = is impossible however for A = 0. This is why the naive fiat limit of the action 
(|75D describes not two fields but only one in agreement with |^ . This phenomenon can 



be interpreted as some sort of nonanalyticity of the fiat limit exhibited already at the 
free field level. 

We expect that one can analogously find a deformation of the fiat space Lagrangian 
( |60D to AdSd by adding an antisymmetric second rank gauge tensor. This would cor- 
respond to keeping the symmetry with symmetric parameters. However, because the 
corresponding representation of the AdS algebra is not unitary, the resulting gauge in- 
variant Lagrangian is expected to have a wrong relative sign of the kinetic terms of 
the elementary fiat-space Lagrangian (i.e., incompatible with unitarity). A similar phe- 
nomenon is expected to be true for more complicated Young diagrams: only the sets of 
fields predicted in Sect.|^ will have all signs of kinetic terms of the fiat-space Lagrangians 
correct. 

The equations of motion for the fields |$) and \x) that follow from the Lagrangian 
( |T7|) can be reduced to the form 

(V^ - DiDi - D2D2 + ^Dlhi + D2D^Pi2 - X^PnPu - 2X^P^2Pi2 + SA') |$) 
+A((d - ?>){D^N2i - 2D2) - PuDi + PnN2iD, + {PuD, - PnD2)Pn) Ix) = , (82) 
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- D^D, + -DlPn - -PiiAi + dX^)\x) + KD^ - D^P^^m = . (83) 

By imposing the Lorentz gauge -Di|$) = 0, the tracelessness condition Pij\^) = and 
the condition \x) =0, we are left with 

(r'2 + 3A2)|$) = 0. (84) 

There is a leftover symmetry with the parameter 15*) satisfying certain differential condi- 
tions. Taking into account that one can identify the Stueckelberg field \x) with IS") one 
can derive these conditions from the equations of motion for \x) in the gauge Di\x) = 0, 
Pi-\x) = 

(V^ + dX^)\S) = . (85) 

Let us compare these results with the equations for the gauge field corresponding to 
the AdSd massless representation D{Eo,s) 

A=l,2 

and the conditions on the leftover gauge parameter \S) 

(p2 _ ^2(^^ _2)(s2-3 + d) + X^ J2 ^A- A') \S)=0 (87) 



A=l,2 

found in p2[. For the case under consideration the Eq and s are 

Eo = Xid-l), s= (2,1,0,..., 0). 
Plugging these values into (|8^) (|87|) we indeed arrive at the equations (|8^) and (pS]). 



5 Conclusions 

We have shown that generic irreducible massless (gauge) fields in AdSd in the flat limit 
decompose into nontrivial sets of irreducible fiat space massless fields. These sets are, 
however, smaller than the result of a dimensional reduction to one less dimension of 
a corresponding massive field. In that sense AdSd massless fields are "less massless" 
than fiat space massless fields. We made a conjecture on the pattern of the fiat-space 
reduction of a generic AdSd massless field. From this conjecture it follows that there is a 
unique nontrivial situation when a fiat space spin two massless field appears as a result 
of a nontrivial reduction of AdSd massless field with mixed symmetry properties. This 
example has been considered in detail. It is tempting to speculate that there may exist 
some new version of gravity associated with this type of field. 

On the other hand we have argued that totally antisymmetric tensors can never 
result from the flat limit decomposition of other types of AdSd unitary representations. 
In other words, the space of differential forms is closed with respect to the fiat space 
limit decomposition. 

An interesting problem for the future is to generalize these results to the super- 
symmetric cases to analyze generic AdS supermultiplets in higher dimensions and, in 
particular, in AdSu. Another problem is to consider the multiplets occurring in []T2[ to 
see how they group themselves in the case of AdS. 
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Appendix. Algebra of commutators 

In this appendix we collect some formulas that are used in the computations of the 
section |]2[ 

[Da, Db] = 5ab{V^ + E ^cc) + X\l - d)NBA + E(^bc^ac - NcaNbc) , (88) 

c c 

[Da, Db] = Y^iPscNAc - PacNbc) , 
c 

[Da, Db] = A^ Y.^NcbPac - NcaPbc) , 
c 

[V\ Da] = \\l- d)DA + 2A2 Y^^PacDc - DcNac) , 

c 

[V\ Da] = X\d- 1)Da + 2A2 ^(^ca^c - DcPac) , 

c 

where T)"^ in (^) is a covariant D'Alembertian operator (|67D. These formulas can be 
derived by straightforward but sometimes lengthy calculation. The derivation of the 
following relationships: 

[Nab, Nce] = ^bcNae - SaeNcb , 

[Da, Nbc] = SabDc , [Nab, Dc] = SbcDa , 

[Da, Pbc] = SabDc + SacDb , 
[Pab, Dc] = SbcDa + 6acDb , 

[Pab, Pce] = SbcNea + SbeNca + SacNeb + SaeNcb + d{5Bc^AE + ^be^ac) ■ 
is elementary. 
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